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An alternative model for nonlinear stress-strain 
behaviour of composite materials 

GHAZI  A B U - F A R S A K H  
Department of Civil Engineering, Jordan University of Science and Technology, Irbid, Jordon 

An alternative model for the Jones-Nelson material model is developed, in which the secant 
mechanical property is assumed to be a function of the plastic strain energy density of an 
equivalent linear elastic system which replaces the total strain energy term in the Jones- 
Nelson model. The present model is capable of treating multiple mechanical property non- 
linearities which are generally exhibited by fibre-reinforced composite material. The new model 
is represented in two forms; the basic model and the iterative model. A comparison is carried 
out in order to correlate strains predicted by the present model with experimental data and 
other theoretical models cited from the literature. What makes the new model practical is that 
the plastic strain energy due to loading at any fibre-orientation is not allowed to exceed the 
fibre direction value obtained from the uniaxial loading test. Hence, the model does not 
require an extension of behaviour beyond the defined range of strain energy. 

1. Introduction 
Most composite materials exhibit nonlinear stress- 
strain behaviour in at least one of the principal 
material directions. For example, boron/epoxy and 
graphite/epoxy have highly nonlinear shear behaviour. 
Moreover, boron/aluminium has nonlinear behaviour 
transverse to the fibres as welt as a shear nonlinearity, 
and carbon/carbon has nonlinearities in all principal 
material directions. 

The degree of nonlinearity varies from composite to 
composite and is due mainly to the nonlinear matrix 
material, which greatly affects the transverse modulus, 
E2, and the shear modulus, G~2, of the composite. 
Using micromechanics analysis for normal combi- 
nitions of fibres and matrix materials [1], the effect of 
the nonlinear matrix material on the longitudinal 
modulus, El, and Poisson's ratio, v~2, is shown to be 
negligible. 

The nonlinearities for composite materials are more 
pronounced with increasing temperature and moist- 
ure content [2]. Thus, general application of com- 
posites requires analysis of nonlinear stress-strain 
behaviour. 

Several investigators have studied the nonlinear 
behaviour of composite materials using different 
approaches. Petit and Waddoups [3].used an incremen- 
tal approach to determine the stress-strain response of 
a lamina. Hashin et al. [4] used Ramberg-Osgood [5] 
stress-strain relations to approximate the nonlin- 
earities. Rao and Murty [6] conceived an alternative 
form of the Ramberg-Osgood formula which can be 
directly applied to the matrix displacement method. 
Hahn and Tsai [7] model utilized the complementary 
elastic strain energy density to derive a stress-strain 
relation. This model considers only the nonlinearity in 
shear behaviour. Sandhu [8], in his incremental theory, 
predicted equivalent multi-axial strain increments by 
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using an approximation of the stress-strain behaviour 
under biaxial normal stress states. An orthotropic 
material model was developed by Jones and Nelson 
[9-12] in which the nonlinear mechanical properties 
were expressed as functions of the total strain energy 
density. Extensions of this model were later suggested 
by Jones and Morgan [13]. The basic Jones-Nelson 
model will be discussed in the next section. 

An experimental study [14] was conducted on the 
unidirectional carbon composites which exhibit sig- 
nificant hardening in longitudinal tension. Pindera 
and Herakovich [15] studied the nonlinear response of 
unidirectional graphite composites using a rational 
approach. An alternative constitutive equation was 
proposed by Ishikawa et al. [16], who also developed 
[17] an iterative procedure of the geometrical non- 
linear analysis of carbon/epoxy plain-weave compo- 
sites accounting for warping. It was concluded that 
warping contributes greatly to the apparent hardening 
of this composite material at low stress levels. An 
incremental analysis predicting the nonlinear stress- 
strain behaviour of laminated hybrid composites (as 
carbon/glass) was developed [18]. The theory accounts 
for the finite strain deformation and the changes of the 
fibre orientation angles at large deformations. 

The aim of the present work was to develop a 
general material model capable of treating multiple 
mechanical property nonlinearities and to predict the 
stress-strain behaviour of composite materials. 

2. Description of the Jones-Nelson 
material  model 

Jones and Nelson [9-12] developed an orthotropic 
material model in which the nonlinear mechanical 
properties Mi are functions of the strain energy density 

M, = A,[1 - B,(r&/do, f ' ]  O) 
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Figure I Typical nonlinear stress-strain curve for the ith mechanical property showing the energy terms. 

where Us is the strain energy density of an equivalent 
linear elastic body. The constants A~, B~, and Ci are the 
initial slope, initial curvature, and change of curvature 
of the ith stress-strain curve. The material property 
constants are determined by simultaneous solution 
from data at three points on the experimental curves 
[13]. The quantity Uo is used to nondimensionalize the 
strain energy density. The Jones-Nelson model can 
treat multiple mechanical property nonlinearities. 

The basic Jones-Nelson material model (Equation l) 
is applicable only over the range in which data are 
defined. That is, the actual strain energy in a multi- 
axial stress state can exceed the defined range of 
mechanical property-strain energy curves. Accord- 
ingly, beyond that range, the stress-strain curve was 
extrapolated under the multiaxial stress state. Jones 
and Morgan [13] suggested different approaches to 
extend the basic Jones-Nelson model. In the extended 
model the constants Ai, B~, and C~ were determined 
using nonliner regression analysis. 

3. Description of the alternative model 
3 .1 .  B a s i c  m o d e l  

The basic model expresses the nonlinear mechanical 
property (Mi) of the ith stress-strain curve as a func- 
tion of a plastic strain energy (Up) of an equivalent 
linear elastic system 

M, = M0[1 - B,(Op)C'], Up = Up/Uo, (2) 

where 3/o is the initial tangent value of mechanical 
property, B~, C~ are the mechanical property constants 
of the ith stress-strain curve, Uo, is used to nondimen- 
sionalize Up (here, equals 6.89 x 10 -3 N m m  2). 

The plastic strain-energy, Up, is expressed as 

Up = U s -  Uo (3) 

where Us is the total strain energy density of an equiv- 
alent linear elastic system, and Ue is the elastic strain 
energy density due to unloading. 

Under the plane-stress case, the expressions for Us 
and U~ are expressed for an orthotropic material as 

Us = �89 (ai~1 + a2~2 + r12712) (4) 

Se = �89 ~k E I 0 AV ~2 0 ~- --~0120 /] (5) 

where, 1 and 2 are the principal material directions 
and the symbol 0 indicates the initial tangent value of 
material property. 

3. 1.1. Determination of material property 
constants 

The material property constants, Bi and Ci, of Equation 
2 are determined by specifying two sampling data 
points on the ith uniaxial stress-strain curve. A least 
square error method is used to obtain the best curve 
fitting to the experimental data. The last data point on 
the stress-stain curve is a necessary sampling point. 
Solving the resulting two equations, the constants Bi 
and C~ are determined. 

I f a  plot of the relation between the nondimensional 
value of mechanical property (m = M~/Mo) against 
the plastic strain energy (Up) is made, a curve will 
result as shown in Fig. 2. The curve intersects with the 
Up-axis at U~, where 

(6) = \ B , /  

Although this model can exhibit behaviour beyond 
the defined range of plastic strain energy (Up,) . . . .  
nevertheless, the author believes that the Up value at 
any time should not exceed that maximum value. In 
an explicit form this can be represented as 

Up • (Upi)max (7) 

for the ith mechanical property. 
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Figure 2 Shear factor-plastic strain energy behaviour for boron/epoxy and graphite/epoxy. 

3.2. Iterative model  
Examining the stress-strain curve of Fig. 1, it can be 
easily verified that 

M, = Mo(UjU,~) (8) 

Alternatively, it can be written as 

M, = M0(1 - Up/Us) (9) 

The above relation (Equation 8 or 9) represents an 
exact fitting to the experimental data curve. In order 
to benefit from this criterion, the optimal performance 
of the model can be obtained by satisfying both 
Equations 2 and 8 (or 9) simultaneously. This can be 
accomplished by developing a new iteration technique 
to determine a new value of the elastic strain energy 
(U~n). At each iteration, the next value of elastic strain 
energy is taken as the average of the old (U~o) and new 
(Ur values, see next section. The adopted conver- 
gence criterion is 

] u o o - u ~  o 
~ , ,  ~ ~ (1o)  

where e is a small number, taken here to be 10 -4. 

3.3. C o m p u t a t i o n  m e t h o d  
3.3. 1. Bas ic  m o d e l  
In the following, the general iterative procedure used 
to solve the resulting nonlinear strain equations at a 
specified stress value is described. 

1. Express the nonlinear mechanical property in 
terms of the plastic strain energy (Up) from the avail- 
able uniaxial test data of a lamina (i.e. a2-~2 curve, 
r,12-'Yl2 curve, etc.). 

2. Specify a certain stress level and then determine 
the correponding elastic strain energy, Uoo (Equation 5). 

3. Determine the total strain energy, Uso (Equation 
4), and then calculate the plastic strain energy, Upo 
(Equation 3). 

4. Substitute the resulting value of Upo into Equation 
2 to determine the ith secant mechanical property, M~. 

5. Calculate the compliances, Ski, in the strain- 
stress relations [I 9], and then determine the transformed 
compliances, Sk/, according to loading directions. 

6. Determine the  required strains. 

7. Determine the new plastic strain energy Up,, 
where 

upo = u ~ ~  

8. Check the convergence criterion 

(ll)  

U p n -  Upo 
Up, ~< e (12) 

where e is a small value, taken here to be l0 4. 
If the convergence criterion is not satisfied, then 

repeat steps 4 to 8 using the new value of plastic strain 
energy, Upo, instead of the old value, Up,. 

9. At this stage the strains are fully determined at a 
specific stress level. 

10. For strains to be determined at other stress 
levels, repeat steps 2 to 9. 

3.3.2, Iterative model 
The computation technique of the iterative model 
represents a continuation to the steps of the basic 
model. The steps of computation are as follows. 

1. Apply steps 1 to 9 of the basic model. 
2. Before applying the next stress value, determine 

the new values of total strain energy (U~) and plastic 
strain energy (Uv,). 

3. Substitute the value of Up~ in the mechanical 
property Equation 9 in order to find the correspond- 
ing Mi. 

4. Obtain the new transformed compliances, ~q~j, 
then determine the new strains. 

5. Determine the new value of total strain energy, 

Us m . 

6. Calculate the elastic strain energy Ue,,,, where 

Ue,, = U,,~- Up~ (13) 

7. Check the convergence criteria 

~, ,  ~< e (14) 

where e is taken to be l0 -4. 

8, Calculate the average' value of elastic strain 
energy (Ue)~vo where 
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Figure 3 Flow charts for (a) the basic material model, (b) the iterative material model. 

<2 

�9 

(Ue)ave = ( U~m + (15) 

It should be noted that gen the first time is taken as 

ge o �9 
9. Determine the value of Ups, where 

uvo = u~o - (u&~o (16) 

If  the convergence criterion is not satisfied, then move 
to the next step, otherwise move to step 11. 

10. Repeat all previous steps until convergence 
criterion (Equation 14) is satisfied. 

11. Determine the final strains. 
12. In order to determine strains at other stress 

levels, repeat all previous steps. 
For further clarification of the computation method, 

a flow chart is represented as shown in Fig. 3. 

4. Uniaxial off-axis loading results 
It can be easily seen from Equation 2, that the mech- 
anical property of a composite material is determined 
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once the plastic strain energy, Up, is known. However, 
the value of Up is not known because the stress, 
strains, and mechanical properties are highly inter- 
dependent. There are several methods for solving the 
resulting nonlinear equations such as the numerical 
methods. An explicit relation for the axial strain, ex, in 
terms of the loading and known material parameters 
including the nonlinear shear term, was obtained by 
Hahn and Tsai [7]. In the present work, the iteration 
technique (also used in [13]) is adopted, as explained 
in the previous section. At convergence, the final 
linear elastic system is equivalent to the secant moduli 
of the nonlinear system. It is worth mentioning that 
this technique is unchanged irrespective of the number 
of nonlinear mechanical properties or the number of 
loadings. Moreover, the iteration technique is general 
in the sense that it can be used for an N-layered 

laminate. Finally, the technique can be easily incor- 
porated in any finite element formulation. 

For prediction of the strains in a lamina under 
uniaxial loading (in the x-direction) at some angle, 0, 
from the principal material 1-axis, such that 

a.~ = ~,c(~. = r,:,. = 0 (17) 

the strains in this case are related to the applied stress 
through 

C x ~ Sil O-, 8y = Sl20-, ~.r) = ~'~16 0- (18) 

where the oekj are the transformed compliances [19] 
which in their turin depend on the plastic strain 
energy, Up. 

4.1. Results of boron/epoxy lamina 
The uniaxial test data for boron/epoxy (NARMCO 
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5505) were those measured by Cole and Pipes [20]. It 
was detected that this composite has a significant 
nonlinear shear behaviour ('[ '12--712 c u r v e  or the Gt2 
curve), while the curve of E2 was slightly nonlinear. On 
the other hand, the curves of  El and v~2 were linear. 
Thus, the constant properties are 

El = 207.4 x 103Nmm 2, v~ 2 = 0.225 (19) 

The nonlinear material model was developed by 
fitting the model (Equation 2) to the uniaxial shear 
stress-shear strain (z12-7,2) curve due to Cole and 
Pipes [20]. An initial G12 value of 5.5 x 103 N m m  -2 
was considered, the same as that of  Hahn and Tsai. 
However, a higher initial value of 6.96 x 103 N m m  -2 
was reported by Jones and Morgan [13]. The mechani- 
cal property constants (Table I) of  boron/epoxy were 
obtained using a two-point least square fit to the 
"c12-Y12 curve as explained earlier in this paper. Five 
sets of  results were obtained for the predicted strains 

T A B L E  I Material property constants for boron/epoxy from 
uniaxial test data of  Cole and Pipes [20] 

Material Initial mechanical B i Ci 
property property ( N m m  2) 

E I 207.4 x 103 0 
E 2 19.78 x 103 0.009229 
Gi2 5.44 x 103 0.135330 
v12 0.225 0 

l 
0.54693 
0.34016 
1 

under uniaxial loading at 15 ~ 30 ~ 45 ~ 60 ~ and 75 ~ to 
the fibre direction, see Figs 4 to 8 inclusive. 

4. 1.1. Results o f  15 ~ off-axis loading 
The measured strains were carried out by Cole and 
Pipes [20] for stresses up to 248 N ram-2 for which the 
strain energy is 1 . 01Nmm 2 (Up = 0.53Nmm--+). 
Although the shear behaviour is known only up to a 
strain energy of 0.96 N mm -2 (see Fig. 4) where Up = 
0 . 6 4 N m m  -2, an extrapolation of  the basic model is 
unnecessary because the plastic strain energy is still 
higher. That  is, the value of plastic strain energy, Up, 
of 0.53 N mm -2 which corresponds to the total strain 
energy 1.01 N m m  -2 is still less than the Up value of 
0 . 6 4 N m m  -2 at the total strain energy 0 . 9 6 N m m  2 
This also explains why a model based on the total 
strain energy (Us) approach requires an extension [13], 
while a model based on the plastic strain energy (Up) 
approach does not require an extension at higher 
strain energies. 

Consequently, this strengthens the idea of not 
exceeding the maximum values of plastic strain energy, 
(Up,) . . . .  obtained from uniaxial test data corresponding 
to different nonlinear mechanical properties. In other 
words, the maximum defined values of  plastic strain 
energy for different nonlinear mechanical properties 
are considered an upper limit which the material can- 
not exceed for any fibre orientation. 

The predicted axial strains using both the basic and 
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T A B L E  II Boron/epoxy lamina strain predictions for 15 ~ off-axis loading (e,,, I0 ~ mm/mm)  

cr Cole and Hahn and Jones and 
( N m m  2) Pipes [20] Tsai [7] Morgan [13] 

(measured) (predicted)* (predicted)] 

Present theory 

Basic model Iterative model 

Gl_~ G12, E~ G~2 Gi2, E, 
nonlinearity nonlinearity nonlinearity nonlinearity 

27.6 0.50 0.435 0.410 0.443 0.443 0.445 0.446 
55.1 1.00 0.892 0.884 0.916 0.917 0.926 0.927 
82.7 1.59 1.395 1.423 1.427 1.430 1.452 1.443 

110.2 2.28 1.968 2.042 1.987 1.994 2.039 2.048 
137.8 3.13 2.632 2.765 2.613 2.624 2.712 2.723 
165.4 4.13 3.410 3.636 3.334 3.348 3.512 3.526 
I92.9 5.38 4.327 4.741 4.205 4.222 4.529 4.547 
220.5 6.75 5.404 6.300 5.355 5.379 6.031 6.057 
248.0 8.23 6.665 9.189 7.345 7.389 8.149 8.156 

* $ 6 6 -  8.6 x 10 3 N m m  I and $6666 = 10.54 • 10 I ' ( N m m  2) 3 
+ Extended T- 7 curve, slope = 430 N mm 2. 

T A B  LE  I I I Boron/epoxy lamina strain predictions for 30 ~ off-axis loading (~,, 10 -3 mm/mm)  

cq. Present theory 

(N m m  -2) Basic model Iterative model 

GI2 GI2, E2 GI2 GI2, E2 
nonlinearity nonlinearity nonlinearity nonlinearity 

13.8 0.560 0.561 0.561 0.561 
27.6 1.158 1.163 I.I60 1.165 
41.3 1.802 1.816 1.807 1.823 
55.1 2.502 2.539 2.514 2.552 
68.9 3.276 3.346 3.299 3.372 
82.7 4.145 4.233 4.196 4.288 
96.5 5.146 5.256 5.244 5.357 

110.2 6.347 6.484 6.525 6.665 
124.0 7.886 8.062 8.221 8.405 
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Figure 8 Boron/epoxy Narmco 5505 stress-strain behaviour (0 = 45~ 

TAB L E I V Boron/epoxy lamina strain predictions for 45 ~ off-axis loading (ex, 10-3 mm/mm) 

a~ Present theory 

(N mm -~) Basic model Iterative model 

GI2 GI2, E2 GI2 GI2, E2 
nonlinearity nonlinearity nonlinearity nonlinearity 

13.8 0.834 0.837 0.834 0.837 
27.6 1.727 1.752 1.727 1.753 
41.3 2.695 2.782 2.697 2.784 
55.1 3.762 3.975 3.766 3.988 
68.9 4.962 5.244 5.042 5.304 
82.7 6.35l 6.716 6.534 6.869 
96.5 8.038 8.512 8.421 8.856 

T A B L E  V Boron/epoxy lamina strain predictions for 60 ~ off-axis loading (ex, 10 3 mm/mm) 

a~ Present theory 

(Nmm 2) Basic model Iterative model 

GI2 GI2, E2 GI2 G]2, E2 
nonlinearity nonlinearity nonlinearity nonlinearity 

13.8 0.875 0.882 0.875 0.882 
27.6 1.788 1.838 1.788 1.838 
41.3 2.747 2.923 2.747 2.923 
55.1 3.763 4.196 3.763 4.217 
68.9 4.852 5.424 4.86l 5.512 
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10 

iterative models were compared to those measured by 
Cole and Pipes [20], Hahn a n d  Tsai [7], and the 
extended Jones-Nelson model (namely Jones-Morgan 
material model [13]). 

In Tables II to VI and Figs 6 to 10 the behaviour 
of the basic model is exhibited along with the iterative 
model (curves with E2-nonlinearity only are shown). 

By inspecting the results in Table II, it can be 
easily observed that the basic model predictions are 
approaching Hahn and Tsai's results. On the other 
hand, the iterative model predictions are, in general, 
approaching those of the Jones and Morgan model. 
At stress levels 220.5 N m m  -2 and above, the iterative 
model predict6&strains convergewith those measured 
by Cole and Pipes. 

In general, the behaviour of the iterative model is 
closer to the measured strains than the basic model. 
By refernng to the results given in Table II, one can 
observe that strains predicted by the basic model are 
as low aS 21.5% of the measured strains (at stress 

value 192.9Nmm 2 ) ,  while the difference is mini- 
mized to about 15.5% in the case of the iterative 
model. Including E2-nonlinearity gave a slight improve- 
ment (at most 0.3%) in the predicted strains. The 
present strain predictions correlated well with the 
other models. However, if we compare the resolved 
initial slope, E,, of each of the off-axis tests, we 
observe that the measured shear data are inconsistent 
(see Fig. 4). That is, we find the shear modulus, 6.89 
Gl2 • 10 .3  N m m  2)-~ is equal to 0.655, 0.843, 0.871, 
0.795, and 0.662 for 0 = 15 ~ 30 ~ 45 ~ 60 ~ and 75 ~ 
respectively. These discrepancies are not due to shear 
coupling [21] because the test specimens are too long 
for such an influence to exist. It wag found that the 
maximum predicted error due to shear coupling is 4% 
and occurs at 0 = 15 ~ while the errors for other 
off-axis angles are not more than 1% [13, 20]. An 
explanation of such a discrepancy of shear test results 
may be attributed to the cure cycle where the specimens 
are loaded at different times in the life of the material. 

T A B  L E V I Boron/epoxy lamina strain predictions for 75 ~ off-axis loading (e.,., 10 -3 mm/mm) 

~,. - Present theory 

(N mm -z) Basic model Iterative model 

Gl2 G12, E2 GI2 GI2, E2 
nonlinearity nonlinearity nonlinearity nonlinearity 

13.8 0.764 0.770 0.764 0.770 
27.6 1.535 1.579 1.535 1.579 
41.3 2.314 2.477 2.314 2.477 
55.1 3.100 3.563 3.100 3.562 
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4. 1.2. Resul ts  of  30 ~ off-axis loading 
The basic model strain predictions are of a maximum 
error 14.3% of the measured results (without includ- 
ing E2-nonlinearity) which occurs at 124Nmm 2 
stress value, while that error reaches 19.2% using the 
iterative model (Table III). Including the E2-non- 
linearity adversely affects the results and will cause the 
error to increase 2.6% for the basic and iterative 
model. On the other hand, the Jones-Morgan and 
Hahn-Tsai  results are 27% and 19% too high at that 
stress level, respectively, without including the E 2- 
nonlinearity effect (see Fig. 7). 

4. 1.3. Results o f  45 ~ off-axis loading 
For 45 ~ off-axis loading, the iterative model strain 
predictions (Fig. 8) are close to the measured strains. 
A maximum error of  11% (including E2-nonlinearity) 
occurs at a stress level of  89.6 N mm-2 (Table IV). 

4. 1.4. Results o f  60 ~ off-axis loading 
The iterative model strain predictions (including E2- 
nonlinearity, Table V), are close to the measured 

T A B L E  VII  Material property constants for graphi te /epoxy  
from uniaxial test data due to Cole and Pipes [20] 

Material Initial mechanical B i 
property property (N mm -~) 

strains at all stress levels, see Fig. 9, while results of the 
other models are lower. 

E I 175 x 103 0 
E, 8.6 x 10 ~ 0 
G u 6.7 x 10 ) 0.004517 
vl2 0.46 0 

4. 1.5. Results o f  75 ~ off-axis loading 
As shown in Fig. 10, the iterative model strain predic- 
tions are almost identical to the measured strains. 

A general observation from the off-axis loading 
results, is that strains predicted by the iterative model 
are higher than those predicted by the basic model 
(Tables II to VI). 

4.2. Results of graphite/epoxy lamina 
The stress-strain response of graphite/epoxy (4617/ 
Modmor II) is similar to that of boron/epoxy in the 
sense that both composite materials have considerable 
nonlinear shear behaviour. The mechanical property 
constants are given in Table VII. An initial shear 

T A B  L E V 111 Graphite/epoxy lamina strain predictions for 15 ~ 
off-axis loading (e,., 10 -3 ram/ram) 

0, Present theory 
( N m m  2) 

Basic model, | terative model, 
G u nonlinearity G~2 nonlinearity 

34.45 0.499 0.499 
68.9 1.000 1.002 

103.35 1.508 1.516 C,. 
137.8 2.027 2.049 
172.25 2.563 2.614 

I 206.7 3.128 3.231 
1 24t .15 3.736 3.940 
0.53626 275.6 4.414 4.833 
1 310.05 5.226 5.900 
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Figure ll  Graphite/epoxy 4617 Modmor  II stress-strain behaviour (0 = 15~ Ol2 (elastic) = 6.72 x 103 N m m  -2. 

modulus (Go modulus) of 6.7 x 103 N m m  -2 is con- 
sidered, the same as that used by Hahn and Tsai [7]. 
In contrast, Jones and Morgan [13] used an initial 
modulus of 6.23 x 103Nmm 2. 

4.2 .1 .  Results o f  15 ~ off-axis loading 
The iterative model strain predictions (Table VIII) are 
identical to those predicted by Hahn and Tsai up to 
275 .6Nmm 2 stress value. The Jones and Morgan 
results are closer to the measured strains than the 
present results. However, all the curves are identical 
over a substantial portion of  the data, as shown in 

T A B L E  IX Graphite/epoxy lamina strain predictions for 30 ~ 
off-axis loading (~x, 10 3 mm/mm) 

~x Present theory 
( N m m  2) 

Basic model, [terative model, 
GI2 nonlinearity Gl2 nonlinearity 

Fig. 11. At stress values higher than that, the iterative 
model results showed an improvement of behaviour 
which correlates well with the measured data. Results 
of the other models are not reported at higher stress 
values than 275.6 N mm 2. 

If we compare the resolved initial slope, E, ,  of  each 
of the off-axis tests, we observe that the measured 
shear data are not consistent as illustrated in Fig. 12. 
This inconsistency is due to reasons discussed earlier 
in this paper (the case of boron/epoxy lamina). 

4.2.2. Results of 30 ~ off-axis loading 
The present iterative model strain predictions are 
almost identical with the measured strains, see Fig. 13. 
Results of the other models at this loading direction 
are not reported. The basic model strain predictions 
are less accurate (Table IX). 

T A B L E  X Graphite/epoxy lamina strain predictions for 45 ~ 
13.78 0.516 0.515 off-axis loading (e,, 10 -3 mm/mm) 
27.56 1.032 1.033 
39.54 1.552 1.554 crx Present theory 

55. l 2 2.078 2.084 (N m m -  2) Basic model, Iterative model, 
68.9 2.611 2.625 Gf2 nonlinearity G~2 nonlinearity 
82.68 3.156 3.183 
96.46 3.717 3.764 13.78 0.915 0.915 

110.24 4.300 4.378 27.56 1.832 1.834 
124.02 4.911 5.037 39.54 2.755 2.765 
137.8 5.562 5.760 55.12 3.688 3.716 
l 51.58 6.269 6.582 68.9 4.637 4.699 
165.36 7.059 7.570 82.68 5.609 5.730 
179.14 7.984 8.899 96.46 6.613 6.835 
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Figure 14 Graphite/epoxy 4617 Modmor  II stress-strain behaviour (0 = 45~ 

4.2.3. Results o f  45  ~ off-axis loading 
A comparison between the present iterative model 
strain results is made with the other strain predictions 
as illustrated in Fig. 14. The behaviour of  the iterative 
model appears to be too close to the other models over 
the entire range of  the measured data. The basic model 
results are given in Table X along with the iterative 
model predictions. 

4.2.4.  R e s u l t s  o f  6 0  ~ a n d  5 0  ~ o f f -ax i s  l oad ing  
For the sake of completeness, the results of 60 ~ and 
75 ~ off-axis loading are exhibited in Table XI and XI! 
for both the basic and iterative models. No infor- 
mation of the other models, or measured data are 
reported in the related references. 

5. Conclusions and recommendat ions 
A new material model is described for nonlinear 
stress-strain behaviour of composite materials. Both 
the basic and iterative models can treat multiple mech- 
anical property nonlinearities. Hence, the present 
model (basic or iterative) is more widely applicable 
than Hahn and Tsai's model with single shear non- 
linearity. Moreover, it does not require an extension 
of behaviour at higher strain energy levels as does 
the Jones and Morgan extended model because of 
using the plastic energy term. At higher stress values, 
the iterative model behaviour showed a better conver- 
gence to the measured data. Although the shear data 
measured by Coles and Pipes were inconsistent in 
some cases, the predicted strains due to either model 

T A B L E  XI  Graphite/epoxy lamina strain predictions for 60 ~ 
off-axis loading (e~ 10 _3 ram/ram) 

c(,. Present theory 

(N mm -2) Basic model, Iterative model, 
Gi2 nonlinearity Gj2 nonlinearity 

T A B L E  X I I  Graphite/epoxy lamina strain predictions for 75 ~ 
off-axis loading (e,, 10 -3 ram/ram) 

or. Present theory 

(N m m -  2) Basic model, Iterative model, 
GL2 nonlinearity G~2 nonlinearity 

13.78 1.276 1.276 13.78 1.517 1.517 
27.56 2.554 2.556 27.56 3.034 3.034 
39.54 3.834 3.845 39.54 4.551 4.552 
55.12 5.120 5.150 55.12 6.069 6.070 
68.9 6.414 6.481 68.9 7.587 7.591 
82.68 7.720 7.853 82.68 9.107 9.113 
96.46 9.042 9.292 96,46 10.628 10.638 
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were consistent. That is, the iterative model always 
predicts higher strains than the basic model. 

The present model is applicable to general stress 
states, although the present study is concerned only 
with the uniaxial off-axis stress state. It is recommended 
that the present model is applied to deal with other 
important characteristics of composite materials. An 
important characteristic of many composite materials 
is that they exhibit different stiffnesses under com- 
pressive loading than under tensile loading (i.e. 
bimodulus behaviour of composite materials). 
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